To improve the reliability and safety of the mistuned blisk (integrally bladed disk), a novel strategy for passive vibration reduction by the hard coating was developed, and the vibration and damping characteristics of the HCM (hard-coating mistuned) blisk were investigated in this work. Firstly, by the proposed criterion called FDSD (frequency difference and its standard deviation), a classical reduced-order model established by the component mode synthesis method was modified to carry out modal analysis for high computational efficiency. Then, forced vibration responses of the HCM blisk were achieved by the Rayleigh damping model. Next, a specific benchmark of a mistuned blisk deposited NiCoCrAlY + YSZ hard coating was chosen to conduct numerical calculations, and the results were compared with those obtained from the FOM (full-order model) and experimental test, respectively. Finally, the influence of the hard coating and coating thickness on the mistuned blisk were investigated, in particular.
Introduction
The integrally bladed disk (known as the blisk) was first applied to the power turbines of Bristol Siddeley Nimbus engines [1] , and it has obtained increasingly widespread use in the design of modern aero-engines. Instead of the traditional assemblies of a disk, some individual, removable blades and dovetail attachments at joints, the blisk was manufactured as the single structure either by welding blades on rotors or by machining entire bladed disks from single pieces of metal. As a result, it features the lesser number of parts, apparent weight saving and reduced aero-dynamic losses, in turn, the practical problems of crack initiation and subsequent propagation on the contact area of the traditional bladed disk assemblies were eliminated effectively [2] .
In tuned conditions, the blisk was a rotationally periodic structure with identical blades, and one piece of sector of the blisk was sufficient to conduct the vibration analysis by using cyclic symmetry properties [3, 4] . However, some random deviations among the blades occur inevitably due to manufacture errors, wear during engine service and other causes. These blade-to-blade discrepancies, referred to as mistuning, have a drastically larger effect on the forced response than the ideal, tuned design [5] . Generally, the attendant increase of vibration stresses can bring about premature high cycle fatigue (HCF) of the blades, which was a costly and risky issue for aero-engines. It was estimated by the U.S. Air Force that about 55% of fighter jet engine safety Class A mishaps and 30% of all jet engine maintenance costs were due to HCF [6] . Thus, it was very necessary to predict and reduce the maximum blade response as a result of mistuning, and improve the performance and reliability of aero-engines.
It was well known that the vibration damping plays a significant role in the vibration reduction of structures. Due to the absence of the internal vibration damping provided by joints, the blisk was more vulnerable to the high-level vibration than the bladed disk assemblies, even severe resonance when aero-engine works in high gas temperature and pressure environments. Therefore, additional damping treatment was essential to conduct vibration reduction of the mistuned blisk. So far, various dry friction dampers have been used in the bladed disk assemblies because of their simplicity in implementation and superiority in performance, such as the shroud friction dampers [7, 8] , the under-platform dampers [9, 10] and the friction ring dampers [11, 12] . However, these traditional dampers were very difficult to apply to the blisk due to its special one-piece structure. Moreover, the vibration reduction technology with viscoelastic damping materials was no longer working well, because it cannot bear the high temperature and its damping capabilities were impacted by the temperature obviously [13] . Therefore, an improved vibration reduction technology with new dampers was very urgent to be developed for the mistuned blisk.
Hard coating was a kind of coating materials prepared by the metal substrate, the ceramic substrate and their mixtures, and it was mainly used as the surface treatment which makes the composite structures have special and superior performance, such as the anti-friction coating (or anti-wear coating) [14, 15] , the thermal barrier coating [16] [17] [18] and the anti-corrosive coating [19] [20] [21] , etc. In recent years, the significant mechanical damping capacities of hard coating generated by the friction energy dissipation of internal particles of coating materials [22] have been found by a number of researchers. Subsequently, hard coating was used widely as the vibration dampers to reduce the resonant stress of vibrating structures for its nicer stability and high damping capacities in high temperature [23] , such as the titanium plates [24] [25] [26] [27] , the cantilever beams [28, 29] , the cylindrical thin shells [30] [31] [32] and the individual blades [33] [34] [35] , etc. Moreover, another great advantage of hard coating was that the resonant peaks of the forced response of vibrating structures can be suppressed remarkably without influencing the structural mass and stiffness significantly because of its thin thickness.
In order to apply this vibration reduction technology, the dynamic model and the prediction of vibration characteristics of the HCM blisk need to be investigated, such as the spring-mass models (or lumped parameter models) [36] [37] [38] [39] , the beam-plate models (or continuous parameter model) [40, 41] , and the FEMs (finite element models) [42, 43] . In spring-mass models, each sector of the blisk was usually modeled using just one or a few lumped masses connected by springs, and the qualitative results were useful for gaining a rough understanding of the influence of the mistuning on the vibration characterizes of the blisk, most notably the identification of critical blades and the increase in forced response levels which can be caused by mistuning. However, such simple models have limitations when quantitative predictions were of interest for practical applications. The beam-plate models were able to reflect vibration characteristics for a wider class of the mistuned blisk although they still have a restricted range of applicability. In industrial applications, the realistic FEMs featuring high computational accuracy were widely used to avoid the various simplifying assumptions during the modeling process and to seek accurate answers to questions related to the mistuning. However, it was very difficult to investigate vibration characteristics of the mistuned blisk directly by using the realistic FEMs because of the drastically increased number of the DOFs (degrees of freedom).
Several modal reduction methods for the FEM of the mistuned blisk were proposed to reduce the amount of calculation without influencing the computational accuracy significantly. The first-generation ROMs (reduced-order models) were presented on the basis of the CMSM (component mode synthesis method), including the fixed-interface CMSM [44] [45] [46] , the free-interface CMSM [47] [48] [49] , and the hybrid-interface CMSM [50, 51] . By using of a developed CMS-based ROM to conduct Monte Carlo simulations, a method to reduce the energy localization in mistuned bladed disks by application-specific blade pattern arrangement was studied efficiently by Hohl and Wallaschek [52] . On the basis of the relationship between tuned and mistuned blisk, a new ROM called SNM (subsets of nominal modes) was developed by Yang and Griffin [53, 54] , and then used by Beirow et al. [55] to analyze optimization-aided forced response analysis of a mistuned compressor bladed disks. Similarly, based on exact calculation of the response of a mistuned system using response levels for the tuned assembly together with a modification matrix constructed from the frequency response function (FRF) matrix of the tuned system and a matrix describing the mistuning, a new method for the dynamic analysis of mistuned bladed disks was presented by Petrov [56] . Subsequently, a simplified SNM called FMM (fundamental mistuning model) was developed by Feiner and Griffin [57] , and then used by Chan and Ewins [58] and Kaneko et al. [59] to study natural characteristics and forced vibration response of the mistuned bladed disks, respectively. In addition, the RM (receptance method) and the CMM (component mode mistuning) method were proposed by Yang and Griffin [60] and Lim et al. [61] to study vibration characteristics of the mistuned bladed disks, respectively. Moreover, on the basis of a reduced-order meshless energy model, vibration characteristics of a 3D annulus of shroudless, mistuned blades attached to a flexible disk were investigated by McGee et al. [62] and Fang et al. [63] , respectively. This work highlights the vibration reduction analysis of the mistuned blisk by the hard coating. In Section 2, the theoretical investigation of forced response of the HCM blisk was conducted. Using the CMSM and the proposed criterion called FDSD, the modified ROM of the HCM blisk was developed to improve the computational efficiency without influencing the accuracy of calculation significantly, and then modal loss factors-the key characteristic representing the damping capacities-were achieved based on the modal strain energy method, next, the forced responses can be achieved using the Rayleigh damping model to obtain damping matrix. In Section 3, a mistuned blisk with depositing NiCoCrAlY + YSZ hard coating on both sides of the blades was taken as the benchmark to conduct vibration analysis, and the obtained results were compared with those from the FOM and experimental investigation with respect to the amount of calculation and the computation accuracy, respectively. Moreover, the influence of the hard coating and coating thickness on the mistuned blisk were investigated in terms of natural frequencies, modal loss factors and forced response.
Theoretical Investigation of the HCM Blisk
The solid model of the mistuned blisk considered here was shown in Figure 1 . The disk and the blades were assumed as the tuned and mistuned components, respectively; in this work, the blades mistuning were simulated as the blade stiffness deviation or elastic modulus deviation to its nominal value, in fact, it was natural frequency deviation. By the atmospheric plasma spraying (APS) technology, the hard coating marked by blue color was deposited on both sides of all the blades. It should be noted that the HCM blisk was the large and complicated structure, therefore the reliable and modified ROM of the HCM blisk should be developed firstly to improve computational efficiency. The solution procedure for solving forced responses of the HCM blisk by the modified ROM was shown in Figure 2 . Similarly, based on exact calculation of the response of a mistuned system using response levels for the tuned assembly together with a modification matrix constructed from the frequency response function (FRF) matrix of the tuned system and a matrix describing the mistuning, a new method for the dynamic analysis of mistuned bladed disks was presented by Petrov [56] . Subsequently, a simplified SNM called FMM (fundamental mistuning model) was developed by Feiner and Griffin [57] , and then used by Chan and Ewins [58] and Kaneko et al. [59] to study natural characteristics and forced vibration response of the mistuned bladed disks, respectively. In addition, the RM (receptance method) and the CMM (component mode mistuning) method were proposed by Yang and Griffin [60] and Lim et al. [61] to study vibration characteristics of the mistuned bladed disks, respectively. Moreover, on the basis of a reduced-order meshless energy model, vibration characteristics of a 3D annulus of shroudless, mistuned blades attached to a flexible disk were investigated by McGee et al. [62] and Fang et al. [63] , respectively. This work highlights the vibration reduction analysis of the mistuned blisk by the hard coating. In Section 2, the theoretical investigation of forced response of the HCM blisk was conducted. Using the CMSM and the proposed criterion called FDSD, the modified ROM of the HCM blisk was developed to improve the computational efficiency without influencing the accuracy of calculation significantly, and then modal loss factors-the key characteristic representing the damping capacitieswere achieved based on the modal strain energy method, next, the forced responses can be achieved using the Rayleigh damping model to obtain damping matrix. In Section 3, a mistuned blisk with depositing NiCoCrAlY + YSZ hard coating on both sides of the blades was taken as the benchmark to conduct vibration analysis, and the obtained results were compared with those from the FOM and experimental investigation with respect to the amount of calculation and the computation accuracy, respectively. Moreover, the influence of the hard coating and coating thickness on the mistuned blisk were investigated in terms of natural frequencies, modal loss factors and forced response.
The solid model of the mistuned blisk considered here was shown in Figure 1 . The disk and the blades were assumed as the tuned and mistuned components, respectively; in this work, the blades mistuning were simulated as the blade stiffness deviation or elastic modulus deviation to its nominal value, in fact, it was natural frequency deviation. By the atmospheric plasma spraying (APS) technology, the hard coating marked by blue color was deposited on both sides of all the blades. It should be noted that the HCM blisk was the large and complicated structure, therefore the reliable
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The Classical ROM of the HCM Blisk
The HCM blisk can be divided into the hard-coating blades (the blades deposited hard coating) and the disk. Based on the configurations and boundary conditions, the component ROM of the hard-coating blades can be developed by using the fixed-interface CMSM. And the equation of motion can be written as
Where, b Γ f represents the interface force between the hard-coating blades and disk. And then, the characteristic equation of the hard-coating blades can be obtained as
Where, b λ and b φ refer to the eigenvalues and mode shapes of the hard-coating blades, respectively. Next, the main mode matrix of the hard-coating blades can be achieved by modal truncation as 
The HCM blisk can be divided into the hard-coating blades (the blades deposited hard coating) and the disk.
The stiffness matrix, mass matrix and displacement vector of the hard-coating blades and disk can be expressed as
, x b and x d , respectively:
where, superscripts b and d refer to the hard-coating blades and the disk, respectively; superscript h represents the harmonic order, h 0 and h N/2, and N was the number of sectors of the HCM blisk; subscripts B and D represent the internal DOFs of the hard-coating blades and the disk, respectively; and subscript Γ indicates the interface DOFs between the hard-coating blades and the disk. Based on the configurations and boundary conditions, the component ROM of the hard-coating blades can be developed by using the fixed-interface CMSM. And the equation of motion can be written as
where, f b Γ represents the interface force between the hard-coating blades and disk. And then, the characteristic equation of the hard-coating blades can be obtained as
where, λ b and ϕ b refer to the eigenvalues and mode shapes of the hard-coating blades, respectively. Next, the main mode matrix of the hard-coating blades can be achieved by modal truncation as
where, n represents the modal order of the truncated mode of the hard-coating blades. Moreover, the constraint mode matrix of the hard-coating blades Ψ b were computed by the static problem as
where, R Γ contains reaction forces due to the imposed unit displacements, I.
Solving the first block of Equation (6) yields
It should be noted that the columns of Ψ b were the solution vectors (7) need not be computed.
Further, the physical displacement x b of the hard-coating blades was described as
where, p b represents the modal coordinates of the hard-coating blades, U b cb refers to the modal conversion matrix of the hard-coating blades between the physical and modal coordinates, and I denotes an identity matrix.
Finally, in the absence of the structural coupling between the blades, the reduced mass and stiffness matrices of the hard-coating blades can be derived respectively as
Based on the free-interface CMSM and the circumferential symmetrical theory, the main mode matrix Φ h d and constraint mode matrix Ψ h d of the disk can be obtained respectively as
And then, the physical displacement x d of the disk can be described as
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where, Bdiag refers to the pseudo-block diagonal matrix, p d represents the modal coordinates of the disk, and F denotes the real-valued Fourier matrix [33] .
Next, the reduced mass matrix M d cb and stiffness matrix K d cb of the disk can be obtained respectively as
It should be noted, that the coupling effect between the harmonics in Equation (17) was inexistent because of the orthogonality of the circumferential modes.
Generally, the computational accuracy of the comprehensive ROM was affected by the coordinating conditions. Here, the comprehensive coordinating conditions of the interface displacement and force were used together as
Substituting Equations (8) and (14) into Equation (18), the coupling constraint of the components can be obtained as
Finally, the reduced mass matrix M cb and stiffness matrix K cb of the HCM blisk can be obtained as
Generally, the blades were more vulnerable than the disk when aero-engines works in harsh conditions. Therefore, the disk and the blades were regarded as the tuned and mistuned component in this work, and the blade mistuning can be simulated by the offsets in modal stiffness Λ (or natural frequency ω). The mistuned modal stiffness of the r-th mode for the n-th blade Λ r b,n can be expressed as follows
where, Λ r b and ∆Λ r b represent the modal stiffness of the hard-coating tuned blisk and the perturbation modal stiffness generated by the mistuning, respectively; δ r n denotes the mistuning coefficients of the Coatings 2019, 9, 812 7 of 18 n-th blade; ω r and ω r n denote the natural frequency of the hard-coating tuned and mistuned blisk, respectively.
Finally, the mistuned modal stiffness of the HCM blisk (or Equation (21)) can be rewritten as
Without considering the damping, the characteristic equation of the HCM blisk can be achieved as
where, λ r and ψ r denote the eigenvalue and mode shapes of r-th mode of the HCM blisk. And then, natural frequencies and mode shapes of the HCM blisk can be respectively achieved as:
Moreover, the emphasis of this work was the passive vibration reduction of the mistuned blisk using the damping capacities of hard coating. Therefore, the modal loss factors of the HCM blisk were very meaningful and significant to be evaluated here. To approximate the damping capacities of composite structures well, the energy-based method has been usually used by some researchers, such as Zheng et.al [64] and Curà et.al [65] . By using the MSEM (modal strain energy method), the modal loss factors of the HCM blisk can be given by
where, η b and η c represent the material loss factor of the mistuned blisk and the hard coating, respectively; MSE b,r and MSE c,r refer to the modal strain energy of the mistuned blisk and the hard coating, respectively. Due to the nicer stability and reliability of the hard coating, the HCM blisk can be approximated as the linear damping system. Thus, the Rayleigh damping model, which has been widely used to capture the damping behavior of the vibrating structures [66] , was applied to the HCM blisk due to its simplicity in implementation [67] and de-coupling of the governing equations [68] . Considering Equation (20) , that was given by
where, α and β were the unknown coefficient related to the mass matrix and the stiffness matrix respectively and D cb denotes the undermined damping matrix of the HCM blisk. Finally, the equation of motion of the HCM blisk considering the damping can be achieved as
where, ω r represents the undermined natural frequency, X cb and F cb refer to the forced response and the excitation force of the HCM blisk, respectively.
The Modified ROM of the HCM Blisk
The number of DOFs of the classical ROM was still large actually due to its composites. Therefore, the modified ROM with higher efficiency needs to be developed for forced vibration analysis. The dimension (or the amount of calculation) of the classical ROM, R, was determined by the dimension of main modes of the hard-coating blades U and main modes of the disk V and the dimension of constraint modes W, that can be described as
Considering Equation (30), Equations (25) and (26) can be rewritten respectively as
According to the theory of the modal superposition method, the forced response of the HCM blisk X cb can be expressed with a linearly independent mode shapes, that was described as
where, q r denotes the r-th coefficient corresponding to mode shapes. The forced response of vibrating structures was dominated by the low-order modes including the closely spaced modes, which can be obtained based on the proposed criterion called FDSD (frequency difference and its standard deviation). The fundamental solution procedure for solving FDSD was plotted in Figure 3 , which can be explained as follows: firstly, the maximum value in eigenvalue (original frequencies) vector was searched, then the dimensionless processing of eigenvalue vector was carried out based on the obtained maximum eigenvalue, which was defined as the dimensionless eigenvalue vector; secondly, according to the mathematical difference concept; the difference between two adjacent eigenvalues was solved, the differential eigenvalue vector was then obtained; thirdly, the mean value of differential eigenvalue vector was solved, then the standard deviation of differential eigenvalue vector was obtained, which was defined as the γ FDSD . It should be noted, that the smaller the FDSD is, the closely spaced the modes will. Especially, the modes are treated as the same when the γ FDSD equals to zero. Next, without considering the high-order modes, Equation (33) can be rewritten as
Where, Y represents the modal number of truncated high-order modes of the HCM blisk. Next, without considering the high-order modes, Equation (33) can be rewritten as
where, Y represents the modal number of truncated high-order modes of the HCM blisk. Finally, considering Equation (24), Equation (28) and Equation (34), the forced response of the HCM blisk X cb can be achieved:
where, ϕ r and ω represents the r-th order regularized mode vectors and the excitation frequency.
Benchmark

Research Systems
In this work, the blisk structure made of the carbon structural steel was manufactured as one-piece structure by the wire-electrode cutting technique. The blades were simplified as straight beams with uniform geometries, and the boundary conditions between the blade and disk are rigid. The mixture hard coating named NiCoCrAlY + YSZ was chosen and deposited on both sides of all the blades, whose single-layer coating thickness was defined as 0.1mm here. Moreover, some professional devices used in vibration experiments were listed: the PCB ® modal hammer, the LMS SCDAC ® mobile front-end, the B&K ® -4517 lightweight accelerometer (Spectris, Surrey, the United Kingdom of Great Britain and Northern Ireland) and LMS Test. lab ® mobile workstation. For understanding this study well, the fundamental process of vibration experiments for the mistuned blisk and HCM blisk was summarized and shown in Figure 4 . The geometrical and mechanical parameters associated with the mistuned blisk and hard coating were given in Tables 1 and 2, respectively. Where, the Young's modulus and loss factor of hard coating were obtained by the identification investigation by an inverse method at room temperature [30] , respectively. 
Mode Validation
In this research, the vibration characteristics of the HCM blisk were solved on the basis of the established FOM and modified ROM. As shown in Figure 5 , the excitation force along the axial direction was loaded on the tip of all the blades whose amplitudes were 20N, and the excitation frequency ranges from 600 to 800Hz, and the pick-up point (or the location of accelerometer) was located on one blade root. In addition, the hammer-peening modal test for the HCM blisk was also carried out to solve the vibration characteristics for validating modified ROM, and the experimental details were expressed briefly: firstly, a group of impact (108) points were peened orderly by the PCB ® modal hammer; next, the response signals were transferred to the LMS SCDAC ® mobile front-end using one B&K ® -4517 lightweight accelerometer, which was fixed on the blade root; finally, the data acquisition and analysis were conducted to extract natural frequencies and modal shapes (along the axial direction) in the PolyMAX ® module. Figure 6 . It was observed clearly that the discrepancies of natural frequencies obtained by three different ways were inevitable, those were produced by the decreased number of DOFs of the modified ROM and the random perturbations in experimental conditions. Natural frequencies of the HCM blisk obtained by the modified ROM, the FOM and the experimental test were shown in Figure 6 . It was observed clearly that the discrepancies of natural frequencies obtained by three different ways were inevitable, those were produced by the decreased number of DOFs of the modified ROM and the random perturbations in experimental conditions. However, the good consistency of the results among each other can be seen as well, especially for low-order modes. It should be noted that the computational accuracy of the modified ROM can be changed by selecting the number of modes. Natural frequencies of the HCM blisk obtained by the modified ROM, the FOM and the experimental test were shown in Figure 6 . It was observed clearly that the discrepancies of natural frequencies obtained by three different ways were inevitable, those were produced by the decreased number of DOFs of the modified ROM and the random perturbations in experimental conditions. However, the good consistency of the results among each other can be seen as well, especially for low-order modes. It should be noted that the computational accuracy of the modified ROM can be changed by selecting the number of modes. Figure 7 . The blue zones represent the location that vibration amplitudes were nearly zero, the yellow and red zones indicate the location that vibration amplitudes were very large, and the green zones denote the location that vibration amplitudes fall in between. It reveals that the strong-coupling vibrations dominate the vibration types of the HCM blisk. It should be noted that the colors distributions of the modified ROM were similar to those of the test, which means the good correlation of both results. Mode shapes of the HCM blisk when nodal diameter number nd = 0, 1, 2 obtained by the modified ROM and the test were shown in Figure 7 . The blue zones represent the location that vibration amplitudes were nearly zero, the yellow and red zones indicate the location that vibration amplitudes were very large, and the green zones denote the location that vibration amplitudes fall in between. It reveals that the strong-coupling vibrations dominate the vibration types of the HCM blisk. It should be noted that the colors distributions of the modified ROM were similar to those of the test, which means the good correlation of both results. 
The Influence of Hard Coating
Natural frequencies of the mistuned blisk and the HCM blisk obtained by the modified ROM and the experimental test were listed in Table 3 . Particularly, the change rates of natural frequencies were also calculated to investigate the specific influence of NiCoCrAlY+YSZ hard coating on the mistuned blisk. It reveals that the theoretical and experimental results decrease: natural frequencies obtained by the modified ROM vary within 2.65% generally, and those obtained from the experimental test range from 2.77% to 4.93% approximately. The above results and its variation mean the NiCoCrAlY + YSZ hard coating has a weak influence on natural frequencies. 
Natural frequencies of the mistuned blisk and the HCM blisk obtained by the modified ROM and the experimental test were listed in Table 3 . Particularly, the change rates of natural frequencies were also calculated to investigate the specific influence of NiCoCrAlY+YSZ hard coating on the mistuned blisk. It reveals that the theoretical and experimental results decrease: natural frequencies obtained by the modified ROM vary within 2.65% generally, and those obtained from the experimental test range from 2.77% to 4.93% approximately. The above results and its variation mean the NiCoCrAlY + YSZ hard coating has a weak influence on natural frequencies. Modal loss factors of the mistuned blisk and the HCM blisk obtained by the modified ROM and the experimental test were plotted in Figure 8 . Due to the defect of existing damping theory and external perturbations in experimental conditions, modal loss factors of the mistuned blisk and the HCM blisk were captured with a large tolerance, that were described as l A l B and l C l D . However, the variation trends of both results were very similar. Moreover, modal loss factors of the HCM blisk increase with more than quadruple, expressed as l A ≥ 4l C and l B ≥ 4l D .The NiCoCrAlY + YSZ hard coating has a favorable effect on the damping capacities of the mistuned blisk. Forced responses of the mistuned blisk and the HCM blisk obtained by modified ROM were shown in Figure 9 . It can be found from vertical axis that resonant responses amplitudes of the mistuned blisk were suppressed apparently, which were expressed as (PI−HCMB) < (PI−MB), I = 1, 2, 3, 4, · · · . Moreover, the resonant frequencies of the mistuned blisk displayed in horizontal axis decrease slightly. In summary, the NiCoCrAlY + YSZ hard coating has a superior vibration reduction performance for the mistuned blisk without altering resonant frequencies significantly. 
The Influence of Coating Thickness
Natural frequencies of the mistuned blisk with different coating thickness obtained by the modified ROM were listed in Table 4 . And, the change rates corresponding to the maximum variation of coating thickness (between 0.00 and 0.25 mm) were also calculated here to investigate the specific influence of coating thickness. The results reveal that natural frequencies of the mistuned blisk 
Natural frequencies of the mistuned blisk with different coating thickness obtained by the modified ROM were listed in Table 4 . And, the change rates corresponding to the maximum variation of coating thickness (between 0.00 and 0.25 mm) were also calculated here to investigate the specific influence of coating thickness. The results reveal that natural frequencies of the mistuned blisk decrease gradually when coating thickness thickens, and change rates vary from 2.20% to 3.61%. It indicates that the specific influence of coating thickness on natural frequencies of the mistuned blisk was not obvious particularly. Modal loss factors of the mistuned blisk with different coating thickness obtained by the modified ROM were plotted in Figure 10 . It reveals that modal loss factors of the mistuned blisk increase with the coating thickness. However, the variations of modal loss factors decrease gradually. That can be explained by the damping performance of hard coating and the rule of vibration energy transmission, respectively. Moreover, it seems that the variations of modal loss factors of the mistuned blisk were no more obvious when coating thickness reaches 0.20 mm, called the optimum thickness. It should be noted that the abovementioned unique change rule also can provide an important guidance for optimization design of vibration damping. Modal loss factors of the mistuned blisk with different coating thickness obtained by the modified ROM were plotted in Figure 10 . It reveals that modal loss factors of the mistuned blisk increase with the coating thickness. However, the variations of modal loss factors decrease gradually. That can be explained by the damping performance of hard coating and the rule of vibration energy transmission, respectively. Moreover, it seems that the variations of modal loss factors of the Forced response of the mistuned blisk verse different coating thickness obtained by the modified ROM were shown in Figure 11 . It can be seen that all the resonant peaks of the mistuned blisk decrease with the increase of coating thickness, which means the increased damping capacities of the mistuned blisk generated by the variations of the NiCoCrAlY + YSZ hard coating. However, the decreased variations of all the resonant peaks of the mistuned blisk become smaller, such as
. It should be noted that the variation trends of all the resonant peaks of the mistuned blisk were similar to those of modal loss factors exactly. Forced response of the mistuned blisk verse different coating thickness obtained by the modified ROM were shown in Figure 11 . It can be seen that all the resonant peaks of the mistuned blisk decrease with the increase of coating thickness, which means the increased damping capacities of the mistuned blisk generated by the variations of the NiCoCrAlY + YSZ hard coating. However, the decreased variations of all the resonant peaks of the mistuned blisk become smaller, such as
. It should be noted that the variation trends of all the resonant peaks of the mistuned blisk were similar to those of modal loss factors exactly. 
Conclusion
To improve the working reliability of mistuned blisk, a damping strategy by damping hard coating was adopt to conduct passive vibration reduction, and vibration characteristics of the HCM blisk were investigated here. Moreover, a modified ROM of the HCM blisk combining the modified CMSM with proposed criterion named FDSD was developed to decrease the amount of calculation on the premise of ensuring the computational accuracy.
The benchmark of a mistuned blisk deposited NiCoCrAlY + YSZ hard coating on the blades was chosen to conduct vibration reduction analysis. The obtained natural frequencies and mode shapes were compared with the FOM and the experimental test, respectively. The comparisons revealed that the results obtained by three different methods were in good agreement, and the strong-coupled vibrations were the dominated modes type of the mistuned blisk.
The specific influence of the NiCoCrAlY + YSZ hard coating on mistuned blisk were investigated and discussed. The variations of the obtained results reveal that the NiCoCrAlY + YSZ hard coating has weak influence on natural frequencies, but the strong effect on the vibration damping capacities, and all the resonant peaks of the mistuned blisk can be suppressed remarkably without altering resonant frequencies significantly.
The specific influence of coating thickness on the mistuned blisk were also investigated for 
Conclusions
The specific influence of coating thickness on the mistuned blisk were also investigated for damping optimization. The obtained results reveal that the damping capacities of the mistuned blisk increase when coating thickness thickens. However, the change gradients of damping capacities decrease gradually. Specifically, when coating thickness reaches 0.25 mm, the damping capacities of hard coating were no more particularly obvious. 
